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TECHNICAL  NOTE  NO.   892 

TUBBUIENT TLOV BETIESK HOTATINO  CTLINMBS 

By Pai   Shih-I 

SUHMAHT 

The turbulent air flow between rotating coaxial cylr 
Inders was investigated.  The distributions of mean speed 
and of turbulence were measured in the gap between a rotat- 
ing inner and a stationary outer cylinder. 

The measurements led to the conclusion that the tur- 
bulent flow in the gap cannot be considered two-dimensional 
but that a peculiar type of secondary motion takes placet 
It is shown that the experimentally found velocity distri- 
bution can be fully understood under the assumption that 
this secondary motion consists of three-dimensional ring- 
shape vortices.  The vortices occur only in pairs and 
their number and size depend on tiie speed of the rotating 
cylinder; the number was found to decrease with increasing 
speed.  The secondary motion has an essential part in the 
transmission of the moment of momentum.  In regions where 
the secondary motion is negligible, the momentum transfer 
follows the laws known for homologous turbulence. 

Eing-shape vortices are known to occur in the laminar 
flow between rotating cylinders, but it.was hitherto un- 
known that they exist even at speeds which are several 
hundred times the critical speed. 

INTRODUCTION 

The flow between coaxial rotating cyl 
as Couette's type of curved flow. Owing t 
of thiB type of flow as a basic problem in 
a number of investigations have been carri 
exact velocity distribution.in the turbule 
Is still unknown. The1'flow was investigat 
(references 1, 2, 3) as well as by others. 
pie, reference 4.) Taylor measured the ve 
tion between a rotating inner and a.statlo 
Inder (reference 3).  He .found the paradox 

Inders is known 
o the importance 
fluid dynamical 

ed out.  The 
nt state, however, 
ed by &. I. Taylor 

(See, for exam- 
locity distribu- 
nary outer cyl- 
ical result that 
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V number of revolution« of rotating cylinder 

g moment per unit length of rotating cylinder 

T    shearing stress 

p   density 

V kinematic viscosity 

Ü   mean circumferential velocity 

u,v  circumferential- and radial-velocity components, 
respectively, of secondary flow 

u'.v1 circumferential and radial components, respectively, 
of turbulent fluctuations 

DESCRIPTION OF APPAHATUS 

The main part of the apparatus consisted of tiro co- 
axial cylinders mounted on a rigid frame made of steel 
angle stock.  The inner cylinder was cast of aluminum 
alloy, turned true to ±0.002 inch and carefully balanced 
to eliminate vibration.  Its outer diameter, was 15? inches 
and its length was 11 inches.  The possibility of circula- 
tion from the gap to the inside of the inner cylinder was 
eliminated by sealing the inside of the cylinder with 
wooden plates and wax. 

Two sizes of outer cylinder were used; their inner 
diameters were loyg.and 1?B inchest making gaps of 17/32 
inch and ITS' inches, respectively.  The cylinders were 
wooden with 1-inch walls.  At the bottom of the outer cyl- 
inder a series of ^/4-inch holes were drilled around the 
circumference.  Two wooden rings with a width Just slightly 
less than the gap were attached to the outer cylinder; one 
ring was at the top ed^e and one just above the bottom 
holes.  The clearance between the rice's and the inner cyl- 
inder wag sealed by felt. 

The inner cylinder was turned by a l/lO-horsepower 
synchronous motor coupled rigidly to its shaft.  The speed 
of rotation of the cylinder was measured by means of a 
10-pole generator attached to the motor shaft.  The out- 
put of the generator was checked against that of a cali- 
brated oscillator by the Lissajou figures formed on a 
cathode-ray oscilloscope. 
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A conventional hot-wire anemooeter was used for the 
measurement of the mean velocity and the root mean square 
of the fluctuations of the magnitude of the velocity.  The 
ratio between the root-mean-square of the fluctuation and 
the mean velocity multiplied by 100 will be referred to RB 
the "percentage of turbulence."  Ko attempt was made to 
determine the direction of the velocity. 
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A. series of static holes, 15 in number, were drilled 
along an element of the outer cylinder.  These static 
holes gave an indication of tiie flow pattern in the gap. 
ligure 3 showB the test setup  with the hot-wiro holder 
inserted in the center of the outer cylinder.  The syn- 
chronous motor and the spe^d indicator are beneath the 
cylinder.  The multiple stopcock oh the stool permitted 
any desired static orifice to be connected to a manometer. 

The front part of the hot-wire holder was made of 
hard rubber.  In order to obtain a good fit between the 
hot-wire holder and the cylinder, a brass slot was made 
and sot into the wall of the outer cylinder.  The inside 
of the outer cylinder, the brass slot, and the hard rubber 
holder were turned as a unit and painted simultaneously. 
The three pieces formed a smooth cylindrical surface. 

THEORETICAL DISCUSSIOH 

i 

i 

Two different theories have been proposed for the 
computation of the velocity distribution in turbulent flow: 

1. According to the momentum transport theory orig- 
inated by L. Prandtl, the shearing stress  T  is given by 
the expression, 

T = * f Ur) , 
r dr 

* ' C- — -.-. ~ , 
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where  k  denotes the coefficient of turbulent exchange, 
Ü  is the circumferential velocity of the fluid, and  r 
is the distance from the cylinder axis-. 

In the case of the flow between a rotating inner and 
a stationary outer cylinder., the moment of the shearing 
stresses acting on an arbitrary cylindrical layer in the 
fluid 1B equal to the moment reauired to rotate the inner 
cylinder.  The moment referred to unit length being denoted 
by  g,  the equation takes the form 

T r kr 
dr 

It follows that the product 
increasing  r. 

(Ur) = -g (1) 

Ur  should decrease with 

2. According to the vorticity-transport theory orig- 
inated by &. I. Taylor, the vorticity transport through 
:any cylindrical surface is zero.  The mathematical expres- 
sion for this statement is 

* r.L * (u»)i-o 
dr L r dr    J 

(2) 

This equation is, for example, satisfied if  Ur  is con- 
stant.  Taylor concluded from his measurements that  Ur 
is, in fact, constant in the central 80 percent of the 
gap.  As mentioned before, this conclusion was drawn from 
a special extrapolation; the investigations presented in 
this paper were undertaken mainly to'clarify this point. 

Preliminary mea 
following section of 
tween the cylinders 
equations (1) and (2 
consist of three par 
tion having but one 
2. A secondary iuoti 
from the two-dimensi 
tions. General equi 
case require that th 
a cylindrical surfac 
is independent of r 
ity are neglected, 

surements that are described in the 
this paper showed that the flow be- 

was not two-dimensional as assumed in 
).  The flow could be considered to 
ts:  1.  The two-diniensioiial mean nio- 
circumferential velocity component; 
on which accounts for' the deviation 
onal easel and 6.     Turbulent fluctua- 
librlum conditions applied to this 
e transfer of angular momentum through 
e of radius, r  equal the torque, which 

Thus, if the stresses due to viecos- 

"  B-ri 

sr re (U + u + u') lv + v')ds d« = constant   (3) 

-»,   l^. 
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whore U  is the mean circumferential velocity;  u and 
v  are the circumferential and radial components! respec- 
tively, of the secondary motion (that is, the deviation 
from the mean velocity);  u'  and  v1  are the comoonents 
of the turbulent fluctuations in circumferential and 
radial direction; I      is the length of the cylinder; and 
r> 0 and  z  are cylindrical coordinates. 

If averages with respect to time and over the length 
of the cylinder are made, it being assumed that the aver- 
age values do not depend on A, it follows from equation 
(3) that 

r (uv + u'v') = constant (4) 

since Uv vanish 
cylinder, because 
averages of u' 
equation shows th 
cylinder to the o 
secondary motion 
relative importan 
tally determined, 
quite general and 
the mechanism of 

es by averaging over the length of the 
tHe continuity of the flow and the time 

and  v'  <ire zero by definition.  This 
at the torque is transferred from ono 
ther by two different mechanisms:  one, 
and, two, turbulent fluctuations.  The 
ce of these motions was to be experimen- 

It is to be noted that equation (3) ig 
does not depend on any assumption as to 

the turbulent friction. 

PEELIMIlIAEy INVESTIGATION 

At first it was thought that the flow be 
cylinders would be two-dimensional except nea 
Measurements were therefore made at the exact 
the cylinders where the flow would best a.opro 
two-dimensional type... Two entirely distinct 
were, however, obtained at' the same position, 
the' starting conditions. The tyoical sets of 
and the distributions of the turbulence level 
gap for these two types-of'flow are shown in 
lor' convenience, the type of flow shown in fi 
will be called type A and that shown in figur 
will be called type B*. 

tween the 
r the ends. 
center of 

ximate the 
types of flow 
depending on 
the velocity 
across the 
figures 3 to 6. 
gures A  and 5 
es 4 and 6 

The relation of these two types, of flow to the start- 
ing 'cond.it ions was as follows; 

If the inner cylinder was started in such a manner 
that its speed  Nj  increased gradually up to the desired 
value and if the hot-wire spindles were close to the inner 
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cylinder» type A flow wag obtained.  Once either type of 
flow wa 3 established it seeued unaffected by slight changes 
in speed of rotation. 

Furthermore a 
middle of the run t 
the tytje B flow. T 
At first the cylind 
type A flow was obt 
These readings foil 
in fi.---j.re 7. At a 
mean speed suddenly 
velocity distributi 
full-line curve, th 
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flow. This phenome 
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he type A flow might 
his change is 11lust 
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owed the upper full 
certain ooint near t 
drooped along the d 

on then became that 
at is, type B flow 
e flow pattern.  The 
asing the speed of r 
ertain low value res 
non, however, did no 

found that in the 
suddenly change to 

rated in figure 7. 
such a Tray that the 
were taken outward, 
line curve as shown 
he outer wall, the 
otted line and the 
shown in the lovrer 
Further traversing 

n the 17/.J2- inch 
otation of the in- 
tored the type A 
t occur for the l-1-- 

16 

It was believed that the presence of the hot wire near 
the inner or the outer cylinder could have an essential in- 
fluence on the velocity distribution, for example, by in- 
creasing the thickness of the boundary layer.  This possi- 
bility was excluded by introducing a dummy hot wire at var- 
ious positions.  The next assuii.otion was that the flow pat- 
tern is three-dimensional; the transitions between the two 
types of velocity distribution would be caused by ch^n^eg 
or displacements in the flow pattern.  This assumption was 
confirmed by further experiments. 

In order to investigate the three-dimensional charac- 
ter of the flow in the gap between the cylinders, evenly 
spaced pressure-measuring orifices were inserted on the 
outer cylinder along tne axial direction.  The readings 
at these orifices (fig. is) showed that the static pressure 
was not constant along the axial direction» as would have 
been expected in the case of two-dimensional flow, but 
showed systematic variations» •:. 

The end conditions of the cylinders were found to 
have considerable influence on the static-pressure readings. 
In order to eliminate the end effect as far as possible, 
the "aspect ratio," that is, the length of the working 
section to the width of the gap, was increased from 10 to 
20 by reducing the gap from 1^-g inches to 17/o2 inch.  The 
seals at the two ends of the gap were also redesigned to 
make the end conditions as symmetrical as oossible.  The 
pressure end the velocity distributions obtained with the 

—      V 
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symmetrical seal« were similar for'the two aspect ratios« 
and it is 'believed that the end effects were negligible at 
the place where the measurements were taken. 

Thus, the measurements of the static pressure indicate 
without doubt the three-dimensional character of the flow. 
In or.der to determine the flow pattern, it became necessary 
to measure the velocity distribution in various sections 
perpendicular to the axis.  These measurements are described 
in the next section. 

TELOCITY AND TUEBULEi'CE DISTRIBUTIONS ALONG THB 

AXIAL DIRECTION 07 THE CYLINDERS 

Since the 
lng conditions 
pressure distr 
the'same for a 
were taken at 
of the cylinde 
tions was l/2 
to 7, the.numb 
Inders.  The a 
by the.arrows 
of the corresp 

flow pattern could be changed by the Start- 
, care had to be exercised that the ststie- 
ltet ion aloi.g the axial direction was kept 
11 the n-iifl st any given speed.  Measurements 
seven axial stations at the central portion 
rs.  The distance between two adjoining sta- 
inch.  These stations v.-cre numbered from 1 
er increasing toward the bottom of the cyl- 
ctual positions of these stations are marked 
in the static-pressure diagrams, on the right 
ondlng results. 

A typical set of results, corresponding to a rota- 
tional speed of the inner cylinder equal to 1200 rpm will 
be.analyzed in detail. 

The mean-veloc 
shown in figure 9. 
obtained in the pre 
teneottsly for the s 
positions. The mea 
from one type to th 
distribution is typ 
at -station 4, it is 
called 'AB; at stat 
.station 7, the inte 

ity distributions for this case are 
It is seen that both tynea of flow 

liminary investigations existed simul- 
ame flow pattern but at different axial 
n-velocity distribution,gradually changes 
e other.  For instance, at station 1 the 
e B; at stations 2 and 6,   it is type A; 
an intermediate type, and it may be 
ions 5 and o, it is tyoe Bj while at 
rmediate stage is again obtained. 

figure 10 was obtained by plotting one of the distri- 
butions of type A, say at station 2, and one of tyoe B, 
aay at station 6, on a semilogarithmlc scale.  It is seen 
from these curves that, for flow of type A, the velocity 

• - •« •* 
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distribution near the inner wall is loga 
the velocity defect is proportional to t 
.the distance from the wall (reference 5) 
type B, the velocity distribution near t 
logarithmic» If the typical velocity di 
in the preliminary investigations are pi 
manner, the results are similar. It has 
von Karman (reference c) that for Couett 
velocity distribution is logarithmic if 
lence is assumed. It may be stated that 
where the velocity distribution is lofsr 
fer of shearing stress from one cylinder 
mainly due to turbulent fluctuations. 

rithmic, that is, 
he logarithm of 

whereas, for 
he outer rail is 
strlbutions obtained 
otted in the saue 
been shown by Dr. 

e's flow the mean- 
homologous turbu- 
, at the olace 
ithmic. the trans- 
to the other is 

Since the gap is small in comparison with the radii of 
both cylinders, as a first approximation, equation (4) 
gives 

uv + u'v1 = constant (5) 

At the place where the influence of the secondary mot'loa, 
that is. the term of  u~v, is negligible,' equation (5) 
becomes 

u'vr = constant (6) 

The same condition is valid for flow between two parallel 
plates moving with different velocities. 

At the place where the influence of turbulent fluc- 
tuations is small, equation (5} becomes 

uv = constant (7) 

No attempt was made to measure the radial velocity, v  of 
the secondary motion.  Some conclusions as to .the distri- 
bution of  v ' along the axial direction can be drawn, how- 
ever, from equation (7) after the distribution of u  is 
examined, that is, the deviation of the circumferential 
velocity from the average taker, over the axial length. 

First, take the average of the mean-velocity curves 
of the seven stations.  This average mean-velocity dis- 
tribution Is plotted as a dotted curve for comparison with 
the curv-es of mean-velocity distribution of figure 9.  The 
deviation u from the average distribution at various 
axial positions is shown in figure 11. 
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^  

the gap i the slope of the velocity curve near the «alia 
oust toe very large.  In all the velocity curves obtained, 
this result is true. 

The distributions of u1, the circumferential turbu- 
lent fluctuations, are shown in figure \6.     It is interest- 
ing to note that the curvature of the distribution curves 
for u and u'  are opposite for any given axial position. 

In order to find the influence of the speed of rota- 
tion on the vortices, measurements at a fixed axial posi- 
tion hut with different rotation speed were made.  The 
results are plotted in figure 14.  At the Ion speed of 1200 
rpm, the curve shown as diagram 1 of figure 14 was obtained. 
It showB essentially a flow of type A.  The speed was then 
increased to 1500 and 1BO0 rpm.  The results are &iven in 
diagrams 2 and £, respectively.  The distribution of the 
static pressure as well as the distribution of the mean 
velocity are more or less similar to those of diagram 1. 
Finally the speed was increased to 2100 rpm.  The distri- 
butions of the Btatic pressure and of the mean velocity 
were suddenly changed, as shown in diagram 4.  The pressure 
peak that existed in the three preceding cases at the mid- 
point, where the measurements were taken, disappeared, and 
thus the mean-velocity distribution at this point became 
of type B.  When the eisee-d was reduced to 1800 and 1500 rpm, 
diagrams 5 and 6 were obtained.  They are similar to diagram 
4, which shows that the new flow nnttern, once established, 
continued after a considerable reduction.of the speed.  As 
the speed of rotation was reduced to 1300 rpm, however, the 
original flow pattern returned, as shown in diagram 7. 

At lower speed there seerr.ed to be P   certain stable 
configuration involving, a definite size and number of the 
vortices.  As the speed was increased, a critical value 
was reached at which the vortices increased in size and 
decreased in number.  Since the vortices can exist only in 
pairs, because the total circulation oust be zero, a pair 
of vortices must disappear at a certain critical speed as 
the speed increases and reappear at' soiue critical speed as 
the speed decreases.  It seems t'.ipt taese tvio  critical 
speeds are not identical.. This mechanism fully explains 
the sudden changes of the flow encountered in the prelimi- 
nary investigations.  The effect of the position of the 
spindle8 probably consists of the delaying of the change 
in the number of vortices.  Then the spindles were situated 
in a purely turbulent domain, however, their influences 
were eliminated.  This result is consistent with the ex- 
perimental results. 

*•- -C~ - 
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log10(T/p U ) against log10(Ut/v) for various values of 
t/Hi. üblere  T  is the sheading stress on the outer cyl- 
inder.  U = 2 TT NRj ,  N  Is the speed of rotation of the 
cylinder.  Ri  Is the radius of the outer cylinder, and 
t  is the gap distance between the two cylinders.  It is 
correct to use the B-type velocity distribution for the 
comparison with Taylor's results because, in this ciso, 
the velocity profile is logarithmic near the outer cyl- 
inder wall.  It Is found that the difference of the shear- 
ing stress calculated from both walls is siaall, the shear- 
ing stress at the inner cylinder being a little larger 
than that at the outer cylinder.  Tais result is to be 
expected.  Figure 15 shows the comparison of the results. 
The full-line curve is an average curve obtained from 
Taylor's curves for  t/Hj = 0.0555  and 0.0773.  Hence, 
it may be stated that this curve corresponds approximately 
to  t/H1 = 0.0666.  This value compares with the curve 
obtained in the present investigation for  t/R1 = 0.0665. 
In addition, Taylor's c'irve for  t/Rj = 0.1146  1B com- 
pared with the present result for t/$.\   =  0.1190.  It Is 
seen that, for the large gap, the rcsv.lt of the present 
measurement8 checks Taylor's curve very well; whereas, 
for the Bmall gap, the present results are higher than 
those obtained by Taylor.  The general tendency that the 
coefficient of friction decreases with increasing value 
of  t/R1  is found to be true. 

CONCLUDING REliAHKS 

The turbulent flow between two coaxial 
accompanied by a peculiar type of secondary 
affects the transfer of momentum. The seco 
be described by assuming pairs of ring-shap 
tween the cylinders. The size and the numb 
tices depend on the Bpeed of the inner rota 
the n'umber tending to decrease with increns 
certain critical sneeds the flow pattern ma 
change owing to the loss or the gain of a p 
There exist in the gap certain refcio;iS wher 
distribution is governed mainly by this sec 
other regions where th6 turbulent fiuctu*ti 
determinant. In the regions in which the f 
predetermined, the velocity distribution 1 
rithmic type in agreement with the theory o 
turbulence. 
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California Institute of Technology, 
Pasadena, Calif. , October 19J9. 
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•  > 1 1—> .02 ,04     £36 CBQI Q2 C**     Q6QBIP 
GAP    DISTAMCE  FROM INNER CYLINDER    IN    1/2-IN. 

(a) 

I 

_    . > 1 1—• 

02 X>*    JOB CB a Q2 Ort-    OB CJ3 10 
GAP    DISTANCE   FROM    OUTER    CYLINDER     IN   l/'S-IN. 

Figure 10.-  Velocity defect between cylinders. Ni, 1200 rpmi U-, ,82.4 fps. 
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Figure 13.- Distributions of u', the circumferential turbulent  fluctuations, and 
static pressure for seven axial positions. 
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